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ABSTRACT
An investigation is made into the problem of attitude
control of a mass-unbalanced, axially-symmetrical space station
consisting of a rotating artificial gravity section and a
despun section. It is shown that there exist coning motions
of the satellite with amplitudes that can be minimized by several
design considerations: Design should be such that the axial
moment of inertia of the spinning section is as much as possible
greater than the transverse moment of inertia of the space station.
This implies that the despun section is much smaller than the
spinning section and that the space station presents a low, flat
silhouette when viewed from a direction normal to the spin axis.
Also, crew compartments and compartments to and from which equip-
ment is to be shifted should be situated as close as possible
to the space station mass center.
In addition, for very large satellites, it is found
impractical to use control moment gyros (CMGs), even with imple-
mentation of these design features, to reduce the coning motion
amplitudes to within allowable limits for many experiments which
will be carried in future space stations. To alleviate the mass
unbalance problem, a means of facilitating an active mass balance
system which has been suggested by NASA is discussed and a lighter,
simpler, passive system is proposed for further study.
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-- 1.0 INTRODUCTION
NASA is now considering for the late 1970's or early
1980's a large manned space base which will provide artificial
gravity and zero gravity environments simultaneously in separ-
ate sections (Ref.[l]). Artificial gravity modes of operation
are also being considered for earlier manned orbital programs
leading up to Space Base.
For Space Base and the earlier programs, the method
___ _^^ being considered for providing artificial gravity is the
spinning of the artificial "G" compartments so that objects
within experience a radial acceleration towards the spin axis.
However, these accelerations are imparted by forces of the
satellite on the objects. The torques about the satellite mass
center of the equal and opposite reaction forces of the objects
on the satellite, if not balanced, are very much greater than
gravity gradient, aerodynamic, and other environmental torques
and might be expected to have a correspondingly greater effect
on attitude motions. Because future space stations will pro-
vide a significant degree of flexibility of movement for crew
members and equipment, these torques inevitably will not be
balanced.
Following is an analysis of the effect of mass center
depa-tures of the spinning section of a satellite from its spin
axis upon the attitude motion and CMG requirements. Also,
alternative methods for reducing the amplitudes of these motions
are discussed.
2.0 SYSTEM DESCA.IPTION
The space station dynamical model to be considered is
shown in Fig. 1 and consists of two sections attached on a com-
mon axis. The satellite is stabilized by control moment gyros
providing three axis control on one of the sections. The other
section is driven by a motor at a constant rate relative to the
first about the common spin axis. Displacement of the mass
center of the spinning section from the spin axis is represented
by a mass particle attached to the spinning section.
a
r
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System details and terminology are given as follows:
The spinning section is termed body B and the other is termed
body A. The spin axis intersects the mass centers of both bodies.
The composite mass center is denoted by S* and lies along princi-
pal axes of inertia of A and B, the corresponding principal
moments of inertia being A 3 and B 3 . For each body A and B, the
principal moments of inertia about any line normal to the spin
axis are equal and are denoted by Al and Bl , respectively. The
rotation rate of B relative to A is w, a constant. The mass
particle is termed P with mass m and its position is designated
by a distance k from S* along the satellite spin axis and a dis-
tance r from the spin axis. The three CMG torque output axes are
fixed with respect to A and lie along the spin axis (designated
the 3 axis) and mutually perpendicular lines (designated the 1
and 2 axes) normal to the spin axis. If the orientation of this
mutually right-handed orthogonal set of axes is given with respect
to an inertially fixed set of axes by a 1,2,3 sequence of three
axis Euler rotations q, 0 2 and 0 3 , then the CMG control torques
are given by
T3c=-K0303-K13$3
	
Tic=-K00i-Kl$i
	
_.i=1,2	 {1)	 -
3.0 EQUATIONS OF MOTION
Details on the formulation of the equations of motion
are given in Appendix A. These are obtained by writing the
equations of motion of the composite system made up of bodies
A and B, and considering the mass particle P to exert on the
composite system an external torque given by the torque of the
reaction force of P on B. Gravity gradient and other environ-
mental torques are neglected in the determination of the equa-
tions of motion because, for the rotation rate w much greater
than orbital rate, their magnitudes are very much smaller than
the magnitude of torque associated with the mass particle P.
The equations of motion set forth in Appendix A are
as follows:
^1[11+m(I2+r2s2wt)]-'2mr2swtcwt-*3mrLcwt+$l[K1+2wmr2swtcwt]
+ 02w[B3+2mr2s2wt]+¢32wmrtswt+o1K0=-w2mrLswt
+F1(0i,;i,oi,wt) 
(2)
- 01mr2swtcwt+02[J1+m(I2+r2c2wt)]-^3mrRswt-^lw[B3+2mr2c2wt]
2	 ^+02[K1-2wmrswtcwt]-;32wmrkcwt+02K0=wmrt.cwt+F2(oi';il^i'wt) (3)
i
]
{
I 	 It
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-¢lmrkcwt-02mrkswt+^3(A3+B3+mr2)+^3K13+03'03=F3(oi,^i'¢i,(Jt) 	 (4)
where swt = sinwt, cwt = coswt and Fj(Oi'oi'oi'wt), i,j = 1,2,3,
represent nonlinear functions of o i , oi, Oi which are periodic
in t of period 21T/w and which when expanded in Fourier series
have all terms of the second power and higher in 
o i l ^i' ^i - 31
is the principal moment of inertia of the composite A-B body at
the composite mass-center S*-in any-direction normal to-the spin 	 -
axis.
Defining a new independent variable
T = 2n t = wt
	
(5)
so that	 --
at () =tea ( ) _^( )'	 (6)
Equations (2) - (4) may be written
^1[l+ e(d2+Z(1 -c2pT))] - o22s2pT -O3EdcpT+oi(kl+es2pT)+¢2[b+E(1-c2pT)]
+¢32edspT+¢1k0=-edp2spT+F1(¢i
	
0 PT)/J1w 2	(7)
-f 12 s2pT+O 2 [l+e (d 2+2( 1+c2pT) )]-¢3Ed spT-o1 [b+e (l+c2pT) ]+^2 (k l -es2pT )
-^' 2 edcpT+o 2k0= edp2cpT+F2 (O i 3Oi3Oi, pT)/J lw2	(8)
w2-miedecpT - #2 edespT+#3 (1+ e e)+O3k13+ 0 3k03-F 3 ( 0 i .^iO4i, pT) /Jl	 (9)
A =
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where i
mE =	 r 2/J 1 k0
	
K 0 /9
2
 Jl kl = K1/wJl i
{
b = B3/J l k03	 K03/a2(A3+B3 ) k13 - K13/Q(A3+B3)
d = 1/r p = 2n
e = J1/(A3+B3)
._
(10)
Solution of Equations	 (7) -	 (9) for	 1 ^2' 	 and
setting
Xi	 ^ i	 ,	 i=1,2,3 Xi = Xi-3 i=4 ,5,6	 (11)_
gives equations of motion it a standard matrix form
X 1 = AX + f (X,T) + Eg(T)	 (12)
where
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
k0 0 0 -kl -b 0
0 -k0 0 b -kl 0
0 0 -k03 0 0 -k 13
(13)
1'-- ---- to 	 -... -	 —	 '-'
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and f(X,T) and g(T) are periodic of period 1, with the average
Of g(T) over a period equal to zero. It can also be shown that
f(X,t) consists of terms proportional to at least the first power
in a or nonlinear terms that approach zero as X 2 for X approaching
zero, and there is a constant c, related to system parameters,
such that*
	
If(X,t) - f(Y,t) I s cc IX-YI
	
(14)
for 1XI =	 1Xil, I Y I = E IYil sufficiently small. In additioni=1	 i=1
Routhian analysis (see Appendix B) can be used to show that the
characteristic roots of matrix A have negative real parts for
k0'kl'k03'k13'0. Consequently, the results of Appendix C establish
that for a sufficiently small, the steady state solution to the
equations of motion (Equations (12) or Equations (7) - (9) ) is
periodic of period 1 in T. Also, for sufficiently small c, this
-
	
	
solution is accurately represented by the first approximation of
the method of successive approximations set forth in Appendix C.
The mass m is assumed to be very small in comparison to
the total mass of bodies A and B. Then c is a very small quantity
and applying the method of successive approximations of Appendix C
and neglecting terms of higher than the first power in a yields
f l = b [- (1+R0 ) sinpT+RlcospT ]/ [ (1+R0 ) 2+R1 2 ]	 (15)
f 2 = b [RlsinpT+(1+R0 )cospT]/[ (1+RO ) 2+R1 2 ]	 (16)
f 3 = 0	 l	 (17)
*The significance of Equation (14) is developed in Appendix
C.
--	 where
d	 mrR/(B3-J1)
RO = KO/w2(B3-J1)
R1 = K1/w 2 (B 3-J1 )
	
(18)
4.0 DISCUSSION OF SOLUTION
For small amplitude motions, the angle * which the
satellite spin axis makes with its nominal direction (that for
which O1 = 0 2 = 0) is accurately given by
012 + 012 = ± d/ (1+R0 ) 2 + R12	 (19)u=-
	 --
Since is constant with respect to T, the satellite spin axis
once each period T = 2w/w sec traces a right circular cone with
half angle equal to ^.
For the space station motion given by 0 1 , ^2 , m3 of
Equations (15)-(17), the minimum magnitude H of the total CMG
spin angular momentum necessary to provide the control torques
a	 of Equations (1) is determined in Appendix D as
0 2 + R12R 
H = H0
	
	( 0)
(1+R0 ) + Ri
where
H0 = mrRw	 (21)
Also, the magnitude T of the CMG control torque can be shown to
be
T	 T12 + TZ 2 + T32 = wH	 (22)
r
y • .r.
1	 ^
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Now the values of */6 and H/H 0 can be plotted against R 
for varying R1 . However, the nature of these curves depends upon
whether B3-J1 is greater than or less than zero. Defining
d t 	td	 R0	 tR0	 R1f	 t R1	 (23)
where the positive sign is taken for B 3-J1 > 0, and the
negative sign is taken for B3-171 < O f Figures 2 and 3 show
the variation of */6 and H/H O with respect of RO and Ri and
Figv.res 4 and 5 show the variation of ^16 and H/H0 withlrespect
to R0 and R1. These plots reveal the following:
1) The */d and fI/H0 curves for B3-J1 > 0 always lie below
the corresponding curves for B 3-17 1 < 0. Consequently,
for minimizing the satellite coning angle and re-
quired CMG spin angular momentum, it is preferable
for the space station design to be such that the moment
of inertia of the spinning section about the spin axis is
as much as possible greater than the moment of inertia of
the space station about a direction normal to the spin axis.
2) For a space station with B3-J1 < 0, values of K 0 in the
region of KO = w 2 (1 1-B3 ) should be avoided.
3) For decreasing R0, Ri or R - , R1 corresponding to decreasing
CMG spin angular momentum, the space station coning angle
approaches
*	 6	
mrL
B3-171
	 (24)
This limiting value of * = 6 shall hereafter be termed
the light control coning angle.
3
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For increasing R0, R1 or RO , Rl , the control moment
gyros cannot have significant effect in decreasing the space
station coning angle until the magnitude of their composite spin
angular momentum is of the order of the limiting value
H = H0 = mrXw	 (25)
5.0 APPLICATION TO IWO SPACE STATION CONFIGURATIONS
Amplitudes of motion and control system requirements
will now be determined for two space station configurations with
spinning artificial gravity sections.
The first configuration (Space Base), which has been
suggested for study by NASA (Reference [1(a)]), is capable of
supporting a crew of fifty and is made up of a hub with a non-
rotating section and a rotating section to which three arms are
attached in a Y fashion and which is spinning so as to provide
artificial gravity compartments at the extremities of one of the
arms.
This configuration has the worst unbalance characteristics
for a supply spacecraft docked to the non-rotating section. For
this case, the space base might be supposed to have the same (to
within NASA's margin of error in their moment of inertia estimates)
moment of inertia of J1 = 7 x 10 8 slug ft  about any line normal
to the spin axis and a spinning section axial moment of inertia
of B3 = 9.5 x 10 8 slug ft2 .	 Considering an unbalance mass of
300 slugs, equivalent to the mass of the Space Base elevator
fully loaded and located at the artificial gravity compart-
ment, then r = 170 ft, R = 20 ft and the light control coning
angle is
* = a = 0.23 degrees
A coning angle of .23 degrees might well be unacceptable for
several reasons, among which are
a) This amplitude of motion is outside the pointing accuracies
required for some space station experiments, especially
those involving astronomical telescopes.
1
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b) For this amplitude of motion and w - 4rpm, locations
within the despun section and at four feet from the
space station mass center experience instantaneous
accelerations of the order of 10 -4G. However, some ex-
periments to be conducted within the despun section,
such as those involving crystal growth, require extreme-
ly low levels of accelerations, perhaps as low as 10-5G.
c) Although experiments could be located on gimballed
platforms to isolate them from space station attitude
motion, the weight and complexity of gimballed systems
required to maintain a specified pointing accuracy
likely increase substantially with amplitude of attitude
motion. Also, extremely delicate gimballed systems lo-
•i
	
	
mass center might experience significantly detrimental
cated at substantial distances from the space station
translational accelerations.
Now, if for these or other reasons the coning angle is
unacceptable, then, as declared in statement 3) above, for a sig-
_________ __nificant reduction, the CMGs must have a magnitude of total spin
angular momentum of at least the order of H0,
H - H0 = 425,000 ft-lb-sec
'
	
	
a value very much beyond the capability of existing CMGs, optimis-
tically 6000 ft-lb-sec for three CMGs.
The second space station configuration consists of a
zero gravity section and a centrifuge section which is utilized
for short intervals of time either by crew members periodically
to counteract physiological effects of prolonged weightlessness
or to reacclimate crew members to accelerations prior to their
return to Earth and exposure to high reentry decelerations.
For such a space station having total mass M, made up
of two cylindrical sections of depth 1/3R for the centrifuge
section and 5/3R for the despun section, both with the same mass
distribution and radius R - 15 ft, and with a displaced object
of mass m attached as shown in Figure 6, the light control coning
angle is
* - 6 - .11 degrees
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for object P having 0.1% of the total mass of the space station.
Now for P representing a man of mass 6 slugs exper-
iencing a radial acceleration of one G, the magnitude of the
total CMG spin angular momentum must be at least about
H = H0 = 1970 ft-lo-sec
(a value within the capability of existing CMGs) if it is de-
sired to significantly reduce the coning angle. By Equation (22)
the CMGs must be capable of providing a torque of about 2900
ft-lbs, which, being an order of magnitude higher than maximum
output for existing CMGs, may present implementation difficulties.
6.0 REDUCTION OF AMPLITUDE OF MOTIONS
6.1 Mass Balancing System
It has been shown that, for very large artificial "G"
space stations, CMGs offer little hope in reducing the amplitude
of the angular oscillations induced by mass unbalance. One means
of reducing these which has been suggested (Reference [1(b)])
involves providing counterbalance mass shifts by pumping of fluids
or by movement of md-,5ive bodies._
The influencing factor in producing satellite coning
results from the torque of the radial acceleration force of
the mass unbalance particle. Components of this torque with
respect to a Bl,s2,63 axis system with origin at the satellite
mass center, S3 in the direction of the spin axis, and the axis
system rotating about S 3 at rate w are
M1 = mrw 2 tsine
	 (26)
M2 = mrm 2 tcose	 (27)
where a is the angle between the S1 axis and the radial lire
intersecting the unbalance mass.
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Now if N movable counterbalance masses m i can be I
shifted Ar i , AR i , Ae i from their positions, represented by
cylindrical coordinates r i , t i , e i , for which the mass center
of the spinning section lies on the spin axis, then for the
above unbalance torques M 1 and M 2 , these shifts can be used to
result in the two components of net torque about the satellite
mass center being equal to zero.
N	 N
w 2 [mrksine+	 (mi+Ami) (r i+Ari ) (-E i+At i )sin(e i+Ae i )-^ mir i R i sine i)=0
i=1	 i=1 (28)
N	 N
2
w [mrkcose + 	 (m. +Am. )(r.+Ar.)(I +A£.)cos(e. +Ae .)-	 m.r.R .cose .)=0
i=1	 i=1 (29)
Since the quantities mi , ri , R i , and 0  are known quantities
(indicating masses and locations of the counterbalance particles),
then choosing at convenience all but two of the 4N quantities
Am  (representing transfer of a fluid mass to or from a location),
Ar i , At i , and Ae i (representing mass shifts), Equations '(28) and
(29) can be solved for the remaining two unknowns, provided the
quantities m, r, R, and a of the unbalance mass can first be found.
These are determined as follows: From Equations (15)
and (16), the maximum amplitude L of ^1 and 
^2 is given by
L = 1mrZ/' (B3
-Jl). `  ^ (J+R^O +Rj	 (30)
where R0 and R1 are given by Equations (18). Then, mrX can be
determined
mr9, _ (L (B 3 -J1 )	 (1+RO) 2 +R1 2	 (31)
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Also, values of T=0,1,2,... indicate the instants at which the
radial line from the spin axis to the unbalance mass is parallel
to a unit vector a l (see Appendix A) in the direction of the
first CMG output axis. Then, by Equations (16) and (30), at
T=0,1,2,..., the ratio Q of the amplitude of ^2 to its maximum
amplitude is given by
Q = (1+R0 )/ V ( l +RO )2 +R 12	 (32)
Because the satellite oscillations ^1 and ^2 can be
obtained with attitude sensors attached to the despun section
of the satellite, then, since B3 ,
 ill? R0 , and R1 are known
quantities and the maximum amplitudes of the ^l and ¢ 2 oscilla-
tions can be measured from the sensor outputs, the quantity mrk
can be determined from Equation (31). Also, at the instant the
_	 measuredZ oscillation reaches the ratio Q of its maximum value,
the radial line intersecting the unbalance mass is parallel to a
known line and the angle 6 of Equations (26) and (27) can be
determined. With this information, Equations (28) and (29) can
be solved to give the mass shifts necessary to eliminate the
satellite coning.
This method of mass balancing assumes that the spinning
body B is axially symmetrical and that the spin axis lies along
a principal axis of inertia of B. Consequently, some of the
4N-2 quantities Omi , Ar i , Ok i , and 6e  which are prescribed must
be chosen so as to insure body B retains axial symmetry and the
principal axis of B remains along the spin axis. Also, steady
state conditions have been assumed so that if the usual time
intervals between mass shifts of crew and equipment are less than
system decay time, then transient effects must be considered.
6.2 Passive System
Since space station experiments requiring very small
attitude motions would not likely be housed in the spinning arti-
ficial gravity section, it may be possible to bypass the coning
problem by allowing the spinning section to experience the coning
motion but providing an interconnection to the despun section
that does not transmit significant torques in directions normal
to the satellite spin axis. Then the amplitude of the motion
BELLCOMM, INC.	
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performed by the despun section could be much smaller than
that of the spinning section. One possible connection, shown
in Figure 7, might be a bellows-like tube which may or may not
enclose a pressurized volume.
This means of alleviating satellite coning effects in-
duced by mass unbalance of a spinning artificial gravity section
offers the advantages over the active mass balance system of
involving a passive system with greater simplicity and lower
weight and, having heretofore not been considered, should be
investigated in the future.
-7.0 SUMMARY
It has been shown that mass unbalance of the spinning
artificial compartments of a space station produces a coning
motion of amplitude which can be detrimental to experiments
which will be carried on future space stations.
Overall space station design influences the amplitude
-It i-s -preferable for the despun section to be much
smaller than the spinning section, for the maximum dimensions of
the space station in the direction along the spin axis to be
much smaller than the maximum radial dimensions of the spinning
section, and for crew compartments and compartments to and from
which equipment is shifted to be located as close as possible
to the satellite mass center.
For small space stations for which only small mass
-unbalances of the spinning section are expected, CMGs might be
suitable for reducing the amplitude of satellite coning motion,
although there may be difficulties in implementing the necessary
-----torque levels. However, CMGs are ineffective for very large
space stations with significant mass unbalances and special
systems may well have to be employed. One such system involves
active balancing by shifting of massive bodies or pumping of
fluids. The facilitation of such a system is discussed and a
lighter and less complex passive system involving a flexible
connection between the artificial gravity and despun sections is
proposed for further investigation.
1022-RAW- if
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Formulation of Satellite Equations of Motion
The equations of motion for the composite A-B body
and the particle P are to be written separately. The equa-
tions for each contain the reaction force between A-B and P
and elimination of that quantity results in the equations of
motion for the whole system made up of A, B, and P. Prior
to the formulation of these equations, several additional
definitions need to be set forth.
Consider all a 2 , a 3 to be a right-handed mutually ortho-
gonal set of axes fixed with respect to A and parallel to the dir-
ections of the three control moment gyro output axes. Also, a3 is
parallel to the satellite spin axis. The origin of a l , a 2 , a3
is at the composite A-B body mass center S*. The 1,20 sequence of
three axis Euler rotations 
0 1' ¢ 2 1 0.3 characterize the orientation
of al, 
a2'9 	 with respect to their initial directions at time t=0.
For unit vectors a l , a2 , a3 parallel to a l , a 2 , a3
respectively, and the angular velocity wA of body A expressed
as
wA = ulal + u2a2 + u3a3	(A-1)
then the angular velocity w B of body B may be written
W B = ulal + u2a2 + (u3+w)a 3	(A-2)
where
BELLCOMM, INC.	 A2 -
i
ul = $ 1cos^ 2cos^ 3 + ; 2sin^ 3 	(A-3)
u2
 = -^ icos^ 2sino 3 + m 2coso 3 	(A-4)
I	 u3 = ^ lsino 2 + ;3
	
(A-5)
Equations of Motion for A-B
The angular momentum H of the composite body A-B is
H = [A1+B1
+LAMA+'BMBJu la 1 + [Al+B1+'AMA+RBMB]u2a2
+ [ u3 (A3 +B 3 ) +B3 w1 a 3	 (A-6)
where MA and MB are the masses of bodies A and B respectively and
tand k B are the distances between S* and the mass center of A
	
E	
and S* and the mass center of B respectively. Setting the time rate
of change of the angular momentum equal to the external torques gives
	
1	
Jlul + [ (J 3-Jl )u3+B3w1u 2 = CTl + Tl	 (A-7)
J1u2 + [ (J 1-J 3 )u 3- B 3 w J ul = C T2 + P T 2	 (A-8 )
J 3u 3	 = C T 3 + P T 3	 (A-9)
where
Jl = A l + B1 + 1tAMA + RBMB
(A-10)
J3 = A3 + B3
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and C T i are components of control torque given by Equation (1)
and PT  are components of the torque of the reaction force of
particle P on A-B.
Reaction Torque of P on A-B
The equations of motion of particle P may be written
in vector form
GFP + SRP 
= ma	 (A-11)
where G F P is the force of gravitational attraction on P of the
body being orbited, S R P is the reaction force of the satellite
on P, and a  is the inertial acceleration of P.
___
	
	 For a circular or_ _bit,_ i.e., the mass center of A-B
tracing a circular path,
aP
 = RAw 0 2C + VP
	
(A-12 )
where RA is the magnitude and unit vector C is in the direction
of the vector from S* to the mass center of the attracting body,
z
	
	
VP is the time rate of change of the velocity of P with respect
to S*, and w0 is the orbital rate.
The gravitational attraction force is given by
G F P 
= 
mK C,
—	 RA,2 — (A-13 )
where K is a gravitational constant, and RA ' is the magnitude and
C' is in the direction of the vector from P to the mass center of
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the attracting body. Now for dimensions of the satellite very
small in comparison to the orbital radius RA,
C' ti C	 RA' ti RA 	(A-14)
and	 =
A
For a circular orbit
	
K/RA 2 = RAw O 2 	(A-16)
Substitution of Equations (A-16), (A-15), and (A-12)
into Equation (A-11) yields
	
S R P = W	 (A-17)
and the torque PT about the space station mass center of the
equal and opposite reaction force of P on the space station is
PT = -mrS*p x VP	 (A-18)
where rS*p is the vector from S* to P which second derivative
with respect to t is e.
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-If time t=0 is chosen at an instant the radial line
from the satellite spin axis to P is parallel to unit vector
al , then rS*P may be written
rs*p = rcoswta1 + rsinwta 2 + 2a 
	 (A-19)
Differentiation twice with respect to t and substitution
of the re-ult into Equation (A-18) gives
-PT = PTlal + PT 2i2+ PT 3 a3 	 (A-20)
where for swt = sinwt, cwt = coswt,
PT1 = -m{ ul( i2+r2s2wt)-u2r2swtcwt-u3ricwt+ul[(u3+2w)r2swtcwt-u2rkcwt]
+u2 [(u3+2w)r 2 s 2wt-u2rkswt-u3 i 2 ]+u3 (u3+2w)rkswt+w 2riswt}	 (A-21)
P T 2 = -m(-ulr2swtcwt+u2(k2+r2cwt)-u3riswt+ul[-(u3+2w)r2c2wt+u1ricwt
+u2riswt+ 3 i 2 ] - u2 (u 3+2w) r2swtcwt-u3 (u3+2.w) rkcwt.-w 2u	 ricwt} (A-22)
1
PT3	 -mr{-u1icwt-u tswt+u3r+ulu2r(c2wt-s 2Wt) + (u2-u2)rswtcwt
+ u3 k(u2cwt-ulswt)}	 (A-23)
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Equations of Motion for Entire System
Substitution of torque components C T i from Equation (1)
and PT i from Equations (A-21) - (A-23 ) into Equations (A-7)-(A-9)
and use of Equations (A-3)-(A-5) to eliminate u i , i=1,2,3 results
in the equations of motion for the entire system.
^1[J1+m ( L2+r2s2wt)] -'2mr2swtcwt- 03mrtcwt+;1[K1+2wmr2swtcwt]
+ ; 2w[B 3+2mr 2 s 2wt] + ; 3 2wmrLswt
+ ^ 1KO = -w2mriswt+F1(oi ► ;i,^ ,wt)	 (A-24)
- 2swtcwt+ o 2 [J1+m(Y +r 2c 2wt)] - f 3mrjtswt - ; lw[B3+2mr 2c 20 mr	 wt]
+ ; 2 [K1-2wmr 2swtcwt] - ^ 3 2wmrzcwt+o 2KO = w2mricwt+F2(q,oi,oi
,
wt) (A-25)
^1mrqcwt-m2mrkswt +^3(A3+B3+mr2 )+¢ 3K13+03K03 = F3(Oi,^i,^i , wt) (A-26)
where Fj(Oi'ii'oi'wt), i,j=1,2,3 represent nonlinear functions of
Oi which are periodic in t of period 2n/w and which when
expanded in Fourier series have all terms of the second and higher
powers in oil o i' Oi'
1
i
'.	 3
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APPENDIX B
The characteristic roots aj, j=1,...,6, of matrix A
of Equation (13) are given by
determinant [A-XI] = 0	 (B-1)
where I is the identity matrix. Then
[a 2+ak 13+k03 HX 4 +2a 3k1+a 2 (b2 +k12+2k0 ) + a2k0k1 + k0 2 1 = 0	 (B-2)
Two characteristic roots are given by 
a 2 + ak13 + k03 = 0	 (B-3)
or solving for A
+271	
= 
-k13 
_ 
F13 - 4k03
	
(B-4)1,2	 2
which have negative real parts for k13 , k03 ' 0'
The remaining characteristic roots are given by
a 4 + a1 a 3 + a 2 a 2 + a3 a + a 4 = 0	 (B-5)
where a l , ..., a4 are given by comparison with Equation (B-2).
Ii
r '	 4
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Routhian analysis states that if D i ,	 i=1,2,3,4,	 given by
a l a3
O 1	al	 e2 =
1 a2
a1 a 3	0	 0
a1	 a 3	0 1 a2	 a4	 _0
e 3 = 1	
a2	 a 4 A4 0 a	 a	 0 (B-6)1	 3
0	 a1	 a 3	0 1	 a2	 a4
are all greater than zero, then all roots of Equation (B-5) have
negative real parts.	 By Equations (B-6), (B-5), and	 (B-2)
Al. 	 2k1 (B-7)
e 2 = 2k1 (b 2+k12+k0 ) (B-8)
e 3 = 4k0k 1 2 (b2+k1 2 ) (B-9)
A 4 = 4k0 3k1 2 (b 2+k1 2 ) (B-10)
i
and for k0 , k1 >	 0,	 D i ,	 i=1,...,4, are all greater than zero and
all roots of Equation (B-5) have negative real parts.
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APPENDIX C
Periodic Solutions of a Set of Differential Equations
A method of successive approximations has been set
forth by Farnell, Langenhop, and Levinson (Reference [21)
which provides arbitrarily good approximations to stable
periodic solutions of systems of differential equations of
the form
x! = AX +._f (x, wt) + c  (wt)	 (C-1)
s where x is a vector with m components x i , A is a constant m x m
matrix with characteristic roots having negative real parts, the
vector functions f(x,t) and g(t) are continuous and periodic in
t.of
-period-l-_with-the _average ..of g_Lt1__ove,r_ -a-period equal-to
s^	 zero, E and w are constants, and
If (X, t) - f (y, t) I `_ EC Ix-yI	 (C-2)
m	 m
for small enough 1 x I _ ^l 1xi l, IYI = i^l lyi j uniformly in t and
some constant c.
Then if E is sufficiently small or w is sufficiently large
a,	 there exists a periodic solution x* = p(t) of period 1/w. This
is stable for jx(t0 )1 sufficiently small and the steady state solu-
tion to Equation (C-1) as t-- is x(t) = p(t) provided E/(l+w) is
sufficiently small.
The statement (C-2) is somewhat different from that
stated in Reference [2] and the following is a correspondingly
modified outline of the proof of the approximation method given
there. If
t	 tX  = E	 eA(t-T)g(wT)dT +	 e (t-T) f(x(T),wT)dT (C-3) ,
co
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has a solution, then Equation (C-1) is satisfied by that solution.
If a method of successive approximations is defined
x (0) (t) = 0	 (C-4)
	
t	 t
x(n+l) (t) - e
	 eA(t-T)q(wT)dT +	 eA(^)f(x(n) (T),wT)dT	 (C-5)
OD 	 f- Go
then
t
	
X
	 E	 eA(t-T)9(wT)dT 	(C-6)
_W
and for I fg(wT)dTI uniformly bounded, it can be shown that there
is an N such that
Ix (1) (t) I _< max Ix (1) (t) I s eN1(1+w)	 (C- 7)
Now, since matrix A has ch-zacteristic roots with
negative real parts, there exist k and a > 0 such that
IeAtI s ke-at	 (C-8)
and
t
( x (n+1) (t) _x (n) (t) 
I 
< k 
f 
e- 0 (t-T) I f ( x (n) (T) , w r) - f (x (n-1) (T) ,w-t) I dT
m (C-9)
	BELLCOMM, INC. 	 - C3 -
For IX(n+l)(t)I and Ix (n) ( .,)I less than some 6, it has been given
that
If(x (n)
 (T).^t) - f (x(n- 1) (t) -•wt) I < Eclx(n)-x(n-1) (	 (C-10)
so that if
Mn = max Ix(n) (t)-x (n-1) (t)	 (C-11)
then, using Egs.(C-9) and (C-10)
Mn+1 <- (Eck/a )Mn
	 (C-12 )
and
n
`	 Ix(n) I	 Ix(n) -x(n-1)+x (n-1)-x(n-2)+.. . +x(1) -x(0) I <	 Mn
n-1
tr	
[
A Ml 1 +	 (Eck/a )j 	 (C-13)
F
J-1
For E sufficiently small that Eck/c < 1
I
(n)	 Eck/a	 (1)	 Eck aX	 ( < M1 1+	 C C J	 < ITLSX (X	 I 1+ - EC a
	 (C-14)
-E
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Hence, if c/(1+w) is sufficiently small that
cN l+ ccka	 < d
TW	 cc a
(C-15)
the above formulas are valid and for c sufficiently small that
cck/o is a very small quantity, x (1) (t) is a good approximation
to th6- steady s-tate'-solut ion -of-'Equation (C-1).--- - 	 - - --- -- ---- -
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APPENDIX D
Angular Momentum Requirements for CMGs
The equations of motion for the CMG configuration may
be written in terms of the configuration composite spin anglar
momentum CH and output torque CT.
-	
--CH + wA x CH = _-
CT
	- (D-1)
Or, written in terms of components associated with unit vectors
al , a2 , a 3 fixed in A,
H1 + u2H3 - u3 H2
 = K1;1 + K001	
(D-2)
--$2-+-u3H1---'U1$3 -K1f 2--+-K0# 2	 ---(D-3)
H3 + u 1 H 2 - u2H1 = K13^3 + K
03 ^ 3	 (D-4)
Now, considering steady state conditions, the motion of body A
is given to the first power in d by Equations (15)-(17),
(D-5)
(D-6)
(D-7)
(D-8)
¢ 3 = 0
where pl and p2 are defined
P1 = (1+R0)/[(1+R0)2 + R12J
O 1 = d (-p lsinwt + p2coswt)
^2 = 6(p 2sinwt + plcoswt)
P2 = R1/[(1+R0 ) 2 + R121
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Substitutions of Equations (D-5)-(D-7) into Equations (A-3)-(A-5)
and placement of the resulting values of u l , u 2 , u 3 (carrying
only first powers of 6) into Equations (D-2)-(D-4) yields
H1 + ^ 2 H 3 = K1 ¢ 1
 + K001	 (D-9)
H2 - ^ lH3 
= K1^2 + KO 02(D-10)
H3 + ^ 1 H 2 -¢ 2 H 1 = 0	 (D-11)
Multiplying Equation (D-9) by ; 1 , Equation (D-10) by ^ 2 , and
adding the result, it can be shown that
H1;1 + H2^2 = 6 2 K1 (p12+p2 2 )
	
(D-12)
which implies that H 1 and H2 are proportional to 6 and by Equa-
tion (D-11) H3 is proportional to 6 2 . Then, to the first power
in 6,
AI = K1^l + KOO1	 (D-13)
H2 = K1^2 + KO 02(D-14)
Fi 3 = 0	 (D-15)
Integrating and considering the mean value of H1 , H2 , and
H3 to be zero in order to minimize I CH1, then the amplitude H of
the CH vector is given to the first power in 6 by
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2	 2 R + R
H=	 H 2 + H 2 + H 2 = H	
0	 1
	
1	 2	 3	 0	 (1+RO)2 + R1
(D-16)
where R0 , R1 are defined by Equations (18) and
HO	mrzw
g
V
r
x
(D-17)
